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Abstract 

This  paper  provides  an  equilibrium  model  in  which  expected  real  returns 
on  common  stocks  are  negatively  related  to  expected  inflation  and  money 
growth.   It  is  shown  that  the  fall  in  real  wealth  associated  with  an  increase 
in  expected  inflation  decreases  the  real  rate  of  interest  and  the  expected 
real  rate  of  return  of  the  market  portfolio.   The  expected  real  rate  of  return 
of  the  market  portfolio  falls  less,  for  a  given  increase  in  expected 
inflation,  when  the  increase  in  expected  inflation  is  caused  by  an  increase  in 
money  growth  rather  than  by  a  worsening  of  the  investment  opportunity  set. 
The  model  has  empirical  implications  for  the  effect  of  a  change  in  expected 
inflation  on  the  cross-sectional  distribution  of  asset  returns  and  can  help  to 
understand  why  assets  whose  return  covaries  positively  with  expected  inflation 
may  have  lower  expected  returns.   The  model  also  agrees  with  explanations 
advanced  by  Fama  (1981)  and  Geske/Roll  (1983)  for  the  negative  relation 
between  stock  returns  and  inflation. 


1_. Introduction 

The  negative  relation  between  stock  returns  and  (a)  expected  inflation, 
(b)  changes  in  expected  inflation  and  (c)  unexpected  inflation,  has  been 
extensively  documented.   Fama  (1981)  brings  forth  a  large  amount  of 
evidence  to  justify  the  hypothesis  that  an  unexpected  increase  in  the  growth 
rate  of  real  activity  not  only  causes  an  increase  in  stock  prices,  but  also  a 

decrease  in  the  price  level  and  a  decrease  in  inflation  because  of  its  impact 

2 
on  money  demand.   Geske/Roll  (1983)  strengthen  this  hypothesis  by  showing 

that  a  decrease  in  economic  activity  increases  the  Federal  budget  deficit  and 

that  part  of  the  deficit  is  monetized.   Their  analysis  implies  that  a  decrease 

in  economic  activity  brings  about  an  increase  in  the  expected  growth  rate  of 
the  money  supply  and,  hence,  a  larger  increase  in  inflation  than  if  there  were 
no  negative  relation  between  real  activity  and  the  growth  rate  of  the  money 
supply.   While  the  work  of  Fama  (1981),  Nelson  (1979)  and  Geske/Roll  (1983) 
provides  a  convincing  explanation  of  the  relation  between  stock  returns  and 
changes  in  expected  inflation  and  the  price  level,  it  does  not  really  explain 
"the  most  puzzling  result  of  all"  (Schwert  (1981),  p.  28),  which  is  that  ex 
ante  real  returns  on  common  stocks  are  negatively  related  to  ex  ante  expected 
inflation.   Indeed,  one  would  expect  information  about  future  economic 
activity  to  be  capitalized  in  stock  prices  and  to  have  no  effect  on  ex  ante 
real  stock  returns,  i.e.,  on  how  investors  value  real  cash  flows. 

Day  (1984)  and  LeRoy  (1984)  provide  valuable  analyses  which  build  on 
Fama  (1981)  and  show  through  the  money  demand  equation  that  a  negative 
relation  between  expected  inflation  and  the  expected  real  cash  flows  from 
invested  capital  can  occur  in  efficient  capital  markets.   However,  their 
models  take  the  expected  real  cash  flows  from  invested  capital  to  be  ex- 
ogeneously  given.   Consequently,  they  are  unable  to  explain  why  expected 


-  2  - 


stock  returns,  as  opposed  to  expected  real  cash  flows,  are  negatively  related 
to  expected  inflation.   They  convincingly  show,  however,  that  when  money 
demand  is  positively  related  to  real  cash  flows,  a  decrease  in  expected  real 
cash  flows  increases  expected  inflation  for  constant  expected  money  growth. 

Fama/Gibbons  (1982)  provide  an  hypothesis  which  suggests  a  negative 
relation  between  endogenously  determined  ex  ante  returns  on  risky  assets  and 
expected  inflation.   They  argue  that  an  increase  in  economic  activity  in- 
creases not  only  inflation  but  also  desired  capital  expenditures  and  hence 
increases  the  demand  for  funds  to  be  invested  in  production.   In  this  case, 
expected  real  rates  of  return  must  increase  to  equate  investment  and  saving 
when  an  improvement  in  economic  activity  increases  desired  investment  more 
than  saving.   While  Fama/Gibbons  (1982)  provide  a  story  which  fits  the  facts, 
they  mainly  explain  the  relation  between  the  real  rate  of  interest  and 
economic  activity  as  they  do  not  analyze  explicitly  the  relation  between 
expected  inflation  and  the  cross-sectional  distribution  of  ex  ante  returns  of 
risky  assets. 

This  paper  presents  an  equilibrium  model  in  which  the  endogeneously 
determined  expected  real  rate  of  return  of  the  market  portfolio  of  risky 

assets  and  the  real  rate  of  interest  are  negatively  related  to  the  level  of 

3 
expected  inflation.    In  this  model,  an  increase  in  expected  inflation, 

irrespectively  of  its  origin,  decreases  the  real  wealth  of  the  households 

because  it  increases  the  opportunity  cost  of  real  balances  and  hence  decreases 

the  households'  holdings  of  real  balances.   To  keep  all  the  stock  of  capital 

invested  in  production,  the  households'  desired  holdings  of  nominal  assets, 

i.e.,  default-free  nominal  bonds  and  cash,  must  fall  by  the  same  dollar  amount 

as  their  desired  holdings  of  real  balances.   This  can  only  be  achieved  by  a 

fall  in  the  real  rate  of  interest  which  makes  investments  in  nominal  assets 
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less  attractive  relative  to  investments  in  production.  With  a  constant  real 
rate  of  interest,  there  would  be  excess  demand  for  nominal  assets  as  the 
relative  investment  proportions  of  risky  assets  are  not  affected  by  a  fall  in 
real  wealth.   Because  of  decreasing  absolute  risk  aversion,  the  decrease  in 
real  wealth  caused  by  the  increase  in  expected  inflation  leads  households  to 
choose  a  portfolio  of  investments  in  production  with  a  lower  mean  and  variance 
of  return. 

In  this  paper,  the  expected  real  rate  of  return  of  the  market  portfolio 
falls  less  if  expected  inflation  increases  because  of  an  increase  in  expected 
money  growth  than  if  it  increases  because  of  a  worsening  of  the  production 
investment  opportunity  set  (defined  as  the  joint  distribution  of  the  returns 
of  investments  in  production  technologies).   This  follows  from  the  fact  that 
the  portfolio  households  hold  after  an  increase  in  expected  money  growth 
cannot  be  held  if,  instead,  the  production  investment  opportunity  set  has 
become  less  favorable.  We  show  that,  when  expected  inflation  increases 
because  of  a  worsening  of  the  investment  opportunity  set,  the  expected  real 
rate  of  return  on  the  market  portfolio  of  risky  assets  may  fall  by  more  than 
the  real  rate  of  interest.   While  our  analysis  provides  a  theoretical  found- 
ation for  a  negative  regression  coefficient  of  stock  returns  on  expected 
inflation,  the  absolute  value  of  the  estimate  of  this  coefficient  presented  by 
Fama/Schwert  (1977)  is  probably  too  large  to  be  explained  by  the  effects 
discussed  in  this  paper. 

The  paper  proceeds  as  follows.   We  present  the  model  in  Section  2. 
Section  3  shows  the  effect  of  an  increase  in  expected  inflation  on  the 
expected  real  rate  of  return  of  the  market  portfolio  for  a  given  production 
investment  opportunity  set.   In  Section  4,  we  discuss  the  effect  of  a  change 
in  the  production  investment  opportunity  set  on  the  expected  excess  return  of 
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the  market  portfolio.   While  Sections  2  through  4  present  our  results  when 
households  have  a  logarithmic  utility  function  of  consumption  services, 
Section  5  shows  that  when  households  have  a  coefficient  of  relative  risk 
aversion  which  exceeds  one,  they  try  to  hedge  against  unanticipated  changes  in 
expected  inflation.   This  means  that  assets  whose  return  is  positively 
correlated  with  changes  in  expected  inflation  have  a  lower  expected  return 
than  predicted  by  the  security  market  line.   Consequently,  our  model  offers  a 
possible  explanation  for  the  empirical  findings  of  Chen/Roll/Ross  (1983)  and 
Loo  (1984)  that  expected  returns  on  risky  assets  are  negatively  related  to 
their  covariance  with  expected  inflation.   Section  5  also  uses  our  model  to 
discuss  Fama's  (1981)  money  demand  argument.   Section  6  offers  some  concluding 
remarks. 

2.    The  Model. 

The  economy  studied  in  this  paper  resembles  closely  the  economy  studied 

in  Cox/Ingersoll/Ross  (1985),  except  that  households  find  it  useful  to  hold 

4 
cash  balances  in  equilibrium.   Only  one  commodity  is  produced.   Each 

household  can  invest  in  n-1  constant  returns  to  scale  production  technologies, 
a  nominal  default-free  bond  and  a  real  default-free  bond.   Financial  assets 
are  assumed  to  trade  on  perfect  markets,  i.e.,  each  household  takes  prices  as 
given,  there  are  no  taxes  or  transaction  costs  and  no  restrictions  on  short- 
sales.   There  is  no  outside  supply  of  bonds.  As  all  households  are  assumed  to 
be  the  same,  expected  returns  must  be  such  that  no  household  chooses  to  hold 
bonds.   There  is  a  government  which  changes  the  money  stock  by  purchases  and 
sales  of  the  commodity  and  is  assumed  to  make  no  transfers  to  households. 

To  complete  the  description  of  the  investment  opportunity  set,  we  need 
to  specify  the  distribution  of  the  real  rate  of  return  of  the  various  assets 
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households  can  hold.   The  instantaneous  return  of  an  investment  of  k.  in  the 
i-th  production  technology  is  given  by: 

dk  =  u  k  dt  +  o  k  dz     i  =  2,  ...,  n  (1) 

1      K.   1        K   1   K  . 

where  y   and  o   are  taken  to  be  constant  in  this  section  and  the  next,  and 

ki      Ki 
dz^   is  the  increment  of  a  standard  Wiener  process.   The  instantaneous  nominal 

ki 
rate  of  return  of  the  safe  nominal  bond  R  is  a  function  of  the  expected  rate 

of  change  of  the  price  of  money  tt  and  cannot  be  assumed  to  be  constant.   It 

will  be  more  convenient  to  work  with  the  price  of  money  rather  than  with  its 

inverse,  the  price  level.   Expected  inflation  is  equal  to  minus  the  expected 

rate  of  change  of  the  price  of  money  plus  its  variance.   By  definition,  the 

instantaneous  real  rate  of  return  on  a  nominal  bond  is  Rdt  +  dir/iT  per  unit 

of  time.   While  the  dynamics  for  tt  are  solved  for  explicitly  in  Section  4, 

we  assume  here  that  tt  follows: 

dTT   =  y  TTdt  +  a  TTdz  (2) 

TT  TT  TT 

where  o      is  constant  and  u   changes  over  time  according  to: 

dy  =  yy  dt  +  o  y  dz  (3) 

TT       TT        Y  "        Y 

where  Y  and  a  are  assumed  to  be  constant  for  simplicity.   We  assume  that 
the  government  chooses  the  dynamics  of  the  money  supply  so  that  tt  follows 
equation  (2),  y^  follows  equation  (3)  and  the  price  of  money  is  always 
expected  to  fall  (i.e.,  expected  inflation  is  always  positive).   The 
instantaneous  real  rate  of  return  on  the  safe  real  bond  is  r  and  it  is  a 
function  of  y  like  R.  All  households  are  assumed  to  have  the  same  real 
wealth  w,  which  is  the  sum  of  the  per  capita  stock  of  capital  k  and  real 
balances  m.   Each  household  is  infinitely-lived  and  maximizes  the  following 
expected  utility  function  of  lifetime  consumption: 

CD 

E  /  e"pT[alnc(T)  +  (l-a)lnm(T )  ]dx  (4) 

t 
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where  c(x)  is  the  household's  consumption  of  the  commodity  and  m(x)  is  its 
holdings  of  real  balances.   One  possible  justification  for  including  real 
balances  in  the  utility  function  is  that  households  hold  real  balances  to 
reduce  the  nonpecuniary  costs  associated  with  their  trips  to  the  bank  to  get 
cash  to  shop  for  the  commodity. 

Let  n^w  be  a  household's  holdings  of  nominal  assets  and  let  n.w  >  0 
be  a  household's  investment  in  the  i-th  technology.  With  this  notation,  the 
flow  budget  constraint  of  the  household  is  given  by: 

dTT          n      dki 
dw  =  n  (Rdt -  rdt)w  +  Z     n  (  — rdt)w  +  rwdt  -  cdt  -  Rmdt    (5) 

i=2       i 

The  household  solves  for  its  portfolio  by  maximizing  (4)  subject  to 
(5).   Let  n  be  the  nxl  vector  of  shares  of  real  wealth  invested  in  risky 
assets.   Solving  for  n,  we  get: 

n  =  V-1  (p  -  r.l)  (6) 

where  V   is  the  inverse  of  the  nxn  variance-covariance  matrix  V  of  real 
returns  on  investments,  y_  is  the  nxl  vector  of  expected  real  returns  on 
risky  assets  and  1  is  a  nxl  vector  of  ones.   The  portfolio  held  by  households 
is  the  market  portfolio  of  the  capital  asset  pricing  model  of  Sharpe  (1965) 
and  Lintner  (1964),  except  that  here  it  is  endogenously  determined. 

The  solution  of  the  portfolio  selection  problem  yields  the  sum  of  the 
household's  investments  in  real  balances  and  nominal  bonds.   To  obtain  the 
household's  real  balances,  one  must  use  the  properties  of  the  utility  function 
given  by  equation  (4).   An  infinitely-lived  household  which  maximizes  (4) 
spends  pwdt  per  unit  of  time  on  consumption  services.   As  the  expenditure 
share  of  real  balances  is  (1-a),  this  household  spends  (l-a)pwdt  per 
unit  of  time  to  acquire  the  services  of  money.   Hence,  this  reasoning  implies 
that: 

m  =  [(l-a)pw]/R  (7) 
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In  equilibrium,  households  hold  no  bonds,  so  that  n,w  -  m. 

It  immediately  follows  from  the  solution  of  the  household's  portfolio 

choice  problem  that,  as  in  the  logarithmic  utility  version  of  the  Cox/ 

Ingersoll/Ross  (1985)  model,  the  expected  real  returns  must  satisfy  the 

following  equation: 

y  -  r  =  a  (8) 

i        i,w 

where  o.    is  the  instantaneous  covariance  between  the  real  rate  of  return 
i,w 

of  the  i-th  risky  asset  and  the  rate  of  growth  of  real  wealth.   However, 
whereas  in  Cox/Ingersoll/Ross  (1985)  the  distribution  of  the  rate  of  growth  of 
real  wealth  depends  only  on  the  investment  opportunity  set  and  the  constraint 
that  all  wealth  is  invested  in  production,  here  the  distribution  of  the  rate 
of  growth  of  real  wealth  must  be  such  that  the  available  stock  of  capital  is 
wholly  invested  in  production  and  that  real  balances  held  satisfy  the 
condition  given  by  equation  (7). 

3. Expected  returns  and  expected  inflation. 

In  this  section,  we  study  the  effect  of  an  increase  in  expected  infla- 
tion under  the  assumption  that  the  production  investment  opportunity  set  is 
constant.   To  simplify  the  analysis,  we  first  assume  that  unanticipated 
changes  in  the  price  of  money  are  uncorrelated  with  the  returns  of  each 
investment  in  production  processes.   In  this  case,  the  expected  real  rate  of 
return  of  the  market  portfolio  of  investments  in  production  is: 

u  v-1  (y  -  r.l  ) 

y    =   Tfj.  ~6 =-  <*> 

1  V   (y  -  r.l  ) 
— e— e   — e     — e 

where  the  subscript  e  denotes  the  fact  that  the  vectors  and  the  matrix  have 
been  multiplied  by  an  nxn  matrix  H  which  is  the  identity  matrix  except  for 
zeros  everywhere  in  the  first  row.   Inspection  of  equation  (9)  shows  that  a 
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change  in  expected  inflation  can  affect  y,  only  through  its  effect  on  the 
real  rate  of  interest  r.  Consequently,  we  first  analyze  the  effect  of  an 
increase  in  expected  inflation  on  the  real  rate  of  interest. 

For  a  given  real  rate  of  interest  and  given  holdings  of  real  balances, 
the  asset  pricing  equation  derived  in  Section  2,  i.e.,  equation  (8),  implies 
that  an  increase  in  expected  inflation  increases  the  nominal  rate  of  interest 
R  by  the  same  amount.   The  money  demand  equation,  i.e.,  equation  (7),  shows 
that,  for  given  consumption  of  the  commodity,  an  increase  in  the  nominal  rate 
of  interest  decreases  the  holdings  of  real  balances  and  hence  decreases  the 
price  of  money.   A  fall  in  real  balances  decreases  real  wealth,  so  that  the 
nominal  rate  of  interest  is  negatively  related  to  real  wealth.  With  constant 
relative  risk  aversion  and  a  constant  investment  opportunity  set,  households 
invest  a  constant  fraction  of  their  wealth  in  production  processes.   Hence, 
for  a  constant  real  rate  of  interest,  a  fall  in  real  wealth  decreases  the 
households'  investment  in  production  processes,  which  implies  that  part  of  the 
stock  of  capital  is  no  longer  invested.   Instead,  households  want  to  invest 
part  of  their  wealth  in  nominal  bonds  which  are  in  zero  net  supply  to  keep  the 
fraction  of  their  wealth  invested  in  nominal  assets  constant,  as  their 
holdings  of  real  balances  fell  proportionately  more  than  real  wealth.   To 
insure  that  the  whole  stock  of  capital  is  invested  in  production,  the  fall  in 
real  wealth  must  therefore  be  accompanied  by  a  fall  in  the  real  rate  of 

Q 

interest  which  makes  investments  in  production  more  attractive  relative  to 
investments  in  nominal  bonds.   We  can  now  state  the  first  result  of  this  paper: 

Theorem  1:   When  the  expected  real  rate  of  return  on  the  market  portfolio  of 
investments  in  production  is  given  by  equation  (9),  the  instantaneous  co- 
variance  of  changes  in  the  expected  real  rate  of  return  of  the  market 
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portfolio  with  changes  in  the  real  rate  of  interest  is  positive. 
Proof:   See  Appendix. 

This  result  can  be  understood  easily  if  one  uses  a  familiar  geometric 
tool.   Figure  1  reproduces  the  efficient  frontier  of  investments  in  production. 
For  a  real  rate  of  interest  r  ,  the  market  portfolio  has  an  expected  real 
rate  of  return  y,  .   An  increase  in  expected  inflation  makes  households 
poorer,  so  that  they  no  longer  want  to  invest  the  same  dollar  amount  in  the 

portfolio  with  expected  return  y,  .   The  real  rate  of  interest  falls  to 

2 
r  to  induce  households  to  keep  the  dollar  amount  invested  in  production 

2 
constant.   For  the  new  real  rate  of  interest  r  and  the  new  risk  premium 

required  by  households,  the  tangency  portfolio  has  an  expected  real  rate  of 

2  2    1 

return  equal  to  y,  ,  such  that  y,  <  y,  .  We  can  now  state  our  second 

result: 


Corollary  1:   An  unanticipated  increase  in  expected  inflation  decreases  the 
expected  real  rate  of  return  of  the  market  portfolio  and  increases  the  price 
of  production  risk  given  by  (y,  -  r)/a  . 

Note  that  the  price  of  production  risk  would  correspond,  in  this  model, 

9 
to  the  empirical  measure  of  the  Sharpe-Lintner  price  of  risk.   An  increase 

in  the  price  of  production  risk  implies  that  the  empirical  Sharpe-Lintner 

security  market  line  becomes  steeper.   Hence,  the  expected  real  rate  of  return 

of  low  risk  assets  is  affected  more  by  a  change  in  expected  inflation  than  the 

expected  real  rate  of  return  on  high  risk  assets.   In  fact,  a  security  which 

has  a  high  enough  beta  with  respect  to  reference  portfolios  with  expected  real 

1      2 
returns  y  and  y   has  an  expected  return  which  increases  with  expected 
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inflation.   Notice  however  that  while  the  two  reference  portfolios  must  have 
positively  correlated  real  returns,  the  beta  of  most  securities  will  change  as 
expected  inflation  increases. 

To  find  out  how  our  results  are  affected  when  we  remove  the  assumption 
that  unanticipated  changes  in  the  price  of  money  tt  are  uncorrelated  with  the 
returns  of  investments  in  production  processes,  one  can  use  equation  (8)  to 
obtain: 

u,  =  r  +  o.    =  r  +  (  -  )o.  +  (  -  )a.  „  (10) 

k        k,w        w   k     w   k,TT 

where  a,    is  the  instantaneous  covariance  between  the  rate  of  growth  of 

k,TT 

the  capital  stock  and  the  rate  of  growth  of  it.   So  far,  we  have  assumed  that 

o  is  equal  to  zero.   In  this  case,  an  increase  in  expected  inflation 

2 
increases  k/w;  hence,  for  given  u,  and  o,  ,  r  must  fall  when  expected 

inflation  increases.  As  long  as  this  result  holds,  the  value  of  a,  v   does 

not  affect  our  results.   Notice  that  m/w  is  an  increasing  function  of  m. 

Hence,  as  long  as  a,    is  not  too  high,  the  results  of  this  section  hold. 

2 
As,  empirically,  a  does  not  seem  to  exceed  half  of  a  ,  our  results 

hold  for  plausible  values  of  a,    (see  Fama/Gibbons  (1983)).   However, 

k,TT 

2 
if  a,    were  to  exceed  o,  ,  our  results  would  be  reversed  because,  in  this 

case,  real  balances  would  be  very  risky  and  a  decrease  in  real  balances  held 
by  households  would  decrease  the  variance  of  the  rate  of  growth  of  real 

wealth.   Notice  also  that  the  Increase  in  the  price  of  risk  is  a  decreasing 

2 
function  of  a,    and  that,  when  o,    =  o,  ,  an  increase  in  expected 

k,TT  k,TT      k 

inflation  does  not  affect  the  price  of  risk. 

The  results  of  this  section  provide  a  theoretical  foundation  for  the 
existence  of  a  negative  relation  between  expected  inflation  and  expected  stock 
returns.   However,  Fama/Schwert  (1977)  obtain  an  estimate  for  the  regression 
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coefficient  of  stock  returns  on  the  nominal  rate  of  interest  larger  than  five 
in  absolute  value.   Such  an  estimate  is  much  too  large  to  be  explained  by  the 
present  analysis.   It  is  obvious  from  Figure  1  that  our  analysis  implies  that 
the  expected  rate  of  return  on  the  market  portfolio  has  to  fall  by  less  than 
the  real  rate  of  interest.   While  some  authors  argue  that  the  magnitude  of  the 
regression  coefficient  estimate  obtained  by  Fama/Schwert  (1977)  might  be 
misleading,   most  empirical  studies  have  nevertheless  presented  results 
which  indicate  that  an  increase  in  expected  inflation  is  likely  to  be 
associated  with  a  fall  in  expected  stock  returns  which  is  too  large  to  be 
explained  by  the  analysis  presented  so  far.   Therefore,  we  now  turn  to  an 
extension  of  our  analysis  which  can  explain  a  larger  absolute  value  for  the 
regression  coefficient  of  stock  returns  on  expected  inflation. 

4 . Changes  in  the  production  investment  opportunity  set. 

In  this  section,  we  extend  the  model  of  Section  2  to  allow  for  changes 

in  the  production  investment  opportunity  set  and  investigate  the  relation 

between  expected  inflation  and  expected  asset  returns  when  the  change  in 

expected  inflation  is  caused  by  a  worsening  of  the  production  investment 

opportunity  set.   To  model  changes  in  the  production  investment  opportunity 

set,  we  assume  first  that  the  expected  real  rate  of  return  on  an  investment  in 

the  i-th  technology  is  equal  to  u,  .x  for  all  i's,  where  x  is  a  state 

variable  which  changes  stochastically  over  time.   The  dynamics  of  x  are  left 

unspecified  except  that  x  always  takes  positive  values  and  follows  a  diffusion 

process.   The  variance  of  the  real  rate  of  return  of  investments  in  production 

technologies  is  left  unchanged  from  Section  2,  so  that  the  instantaneous 

output  of  the  i-th  technology  is  given  by: 

dk,  =  u,  .xk.dt  +  o,  .k.dz,  .,  i  =  2,  . ..  ,  n  (11) 

i    ki  i      ki  i  ki 
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with  equation  (11)  instead  of  equation  (1),  all  the  results  of  Section  2  still 
hold,  except  for  the  fact  that  all  y^.'s  are  multiplied  by  x. 

We  first  consider  the  effect  of  an  unanticipated  fall  in  x  assuming  that 
the  expected  rate  of  growth  of  the  money  stock  increases  so  that  expected 
inflation  is  left  unchanged.   To  simplify  the  discussion,  we  assume  that 
unanticipated  changes  in  the  price  of  money  are  uncorrelated  with  output.   In 
this  case,  equation  (9)  can  be  rewritten  as: 

•  -1 
xu  V  [xu  -  r.l  ] 

Mk  =   -r*   -e — =si  (12) 

ieY.  [xye  -  r.le] 
The  effect  of  a  fall  in  x  on  u,  and  r  is  given  by  the  following  theorem: 


Theorem  2.   For  a  constant  expected  rate  of  change  of  the  price  of  money,  an 
unexpected  fall  in  x  decreases  the  expected  real  rate  of  return  of  the  market 
portfolio  of  investments  in  production  u,  and  the  real  rate  of  interest 
r.   Furthermore,  u,  falls  by  more  than  r  and  the  price  of  production  risk, 
(yk-r)/a  ,  falls. 
Proof.   See  Appendix. 

A  fall  in  x  decreases  investment  in  production  for  a  constant  real  rate  of 
interest.   Hence,  r  must  fall  to  keep  the  stock  of  capital  Invested.   However, 
the  fall  In  x  also  shrinks  the  mean-variance  efficient  frontier  of  investments 
in  production  as  the  expected  excess  return  of  the  i-th  asset  falls  more  than 
the  expected  excess  return  of  the  j-th  asset  whenever  u,  .  >  Pi-j*   This  fact 
induces  households  to  hold  a  less  risky  portfolio,  as  such  portfolios  become 
relatively  more  advantageous.   To  keep  the  price  of  production  risk  unchanged, 
r  would  have  to  fall  by  more  than  the  expected  rate  of  return  of  the  minimum 
variance  portfolio  of  investments  in  production.   Hence,  with  a  constant  price 
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of  production  risk,  the  minimum  variance  portfolio  becomes  more  attractive 
relative  to  risk-free  investments.   For  households  to  keep  investing  a 
constant  fraction  of  their  wealth  in  production,  the  risk-free  rate  must  fall 
to  the  same  extent  as  the  expected  rate  of  return  of  the  minimum  variance 
portfolio.   However,  in  this  case,  r  falls  by  less  than  the  expected  rate  of 
return  of  the  market  portfolio.   If  r  falls  by  the  same  amount  as  the  expected 
real  rate  of  return  of  the  minimum  variance  portfolio,  the  price  of  production 
risk  must  fall  because  the  slope  of  the  positively-shaped  segment  of  the 
efficient  frontier  of  investments  in  production  has  fallen  everywhere  as  a 
result  of  the  decrease  in  x.   This  means  that,  as  the  investment  opportunity 
set  worsens,  the  absolute  value  of  the  difference  between  the  expected  returns 
of  portfolios  which  differ  in  risk  falls. 

The  analysis  of  the  effects  of  an  unanticipated  fall  in  x  is  more 
complicated  if  the  rate  of  growth  of  the  money  stock  does  not  adjust  to  keep  R 
constant.   To  see  this,  suppose  that  the  money  stock  dynamics  are  given  by: 

dM  =  u  tfdt  +  Oj/dz  (13) 

where  y   is  fixed.   In  this  case,  using  the  money  demand  equation,  i.e., 
equation  (7),  equilibrium  on  the  money  market  requires: 

ttM  =  p(l-a)k[R-p(l-a)]_1  (14) 

Differentiating  equation  (13)  using  Ito's  Lemma  and  rearranging  yields: 

dTT     dM  ,  dk      dR .     2J        .    R     Sj  f.  cS 

1   =  -   "m  +  T  ~  R-p(l^)  "  °k,Mdt  +  °Mdt  +  °M,R(  R-p(l^)  )dt         (15) 

where  dk  is  the  rate  of  return  on  nonmonetary  wealth  k.  With  a  constant  ex- 
pected rate  of  growth  of  the  money  stock,  R  changes  only  because  of  changes  In 
x.   Hence,  if  x  is  given,  inspection  of  equation  (15)  shows  that  the  expected 
rate  of  change  of  the  price  of  money  unambiguously  increases  with  the  expected 
rate  of  return  of  the  market  portfolio  of  investments  in  production.   From  the 
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analysis  of  Section  3,  the  fall  in  the  expected  growth  rate  of  TJ  increases 
the  nominal  rate  of  interest,  decreases  real  balances,  decreases  both  the  real 
rate  of  interest  and  the  expected  rate  of  return  on  the  market  portfolio  of 
risky  assets,  and  increases  the  price  of  production  risk.   If  the  fall  in  the 
price  of  production  risk  caused  by  an  increase  in  expected  inflation  is  large, 
it  could  reverse  the  effect  on  the  price  of  production  risk  of  a  worsening  of 
the  investment  opportunity  set  for  a  given  nominal  rate  of  interest.   However, 
this  reversion  can  only  happen  if  R  is  small,  so  that  the  fall  in  real 
balances  following  an  increase  in  R  is  large.   Hence,  when  expected  inflation 
is  high,  an  unexpected  fall  in  x  never  increases  the  price  of  production  risk 
with  constant  expected  money  growth.   Our  discussion  at  the  end  of  the  pre- 
vious section  implies  that  this  result  still  holds  if  a    is  positive 
or  slightly  negative.   Hence,  a  proportional  fall  in  the  expected  output  rate 
of  the  risky  technologies  implies  that  the  expected  real  rate  of  return  on 
common  stocks  falls  more  with  expected  inflation  than  the  real  rate  of 
interest.   However,  it  follows  from  equation  (15)  that  in  this  case  one  would 
expect  the  regression  coefficient  of  real  stock  returns  on  expected  inflation 
to  be  minus  one  when  expected  inflation  increases  because  of  a  worsening  of 
the  investment  opportunity  set.   To  explain  the  results  of  Fama/Schwert 
(1977),  one  would  need  an  unrealistically  low  income  elasticity  of  money 
demand,  so  that  an  increase  in  the  expected  return  of  the  market  portfolio 
would  be  associated  with  a  much  lower  increase  in  expected  inflation.   Notice, 
however,  that  the  Geske/Roll  (1983)  argument  that  a  worsening  in  expected 
economic  activity  implies  an  increase  in  expected  money  growth  would  lead  to  a 
larger  absolute  value  for  the  regression  coefficient  of  stock  returns  on 
expected  inflation  when  expected  money  growth  is  omitted  from  the  regression. 
Unless  the  link  between  expected  money  growth  and  economic  activity  is 
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extremely  strong,  one  would  not  expect  the  analysis  of  this  section  to  offer  a 
satisfactory  explanation  for  the  results  of  Fama/Schwert  (1977). 

In  contrast  to  a  proportional  change  in  the  expected  rates  of  return  of 
the  technologies,  an  absolute  change  can  never  decrease  the  price  of  produc- 
tion risk.   To  see  this,  let  the  expected  returns  on  investments  in  technolo- 
gies be  jj   +  xl  .   In  this  case,  a  fall  in  x  implies  a  fall  in  the  expected 
return  of  all  technologies  of  equal  magnitude.   However,  in  this  case,  a  fall 
in  r  of  equal  magnitude  is  enough  to  re-establish  equilibrium  on  the  market  of 
investments  in  production.   This  means  that  expected  excess  returns  on  invest- 
ments in  production  are  unaffected.   Hence,  the  expected  return  on  the  market 
portfolio  falls  to  the  same  extent  as  the  real  rate  of  interest  if  R  is 
maintained  constant.   In  this  case  because  of  the  results  of  Section  3  and  of 
the  fact  that  expected  inflation  is  inversely  related  to  the  expected  real 
rate  of  return  of  the  market  portfolio,  the  real  rate  of  interest  falls  by 
more  than  the  expected  real  rate  of  return  of  the  market  portfolio  of  in- 
vestments in  production.   Hence,  the  price  of  risk  increases  with  constant 
expected  money  growth  while  the  expected  return  of  all  technologies  decreases 
by  an  equal  amount.   This  effect  does  not  obtain,  however,  if  real  balances 

are  held  constant.   Finally,  if  o,    differs  from  zero,  this  result  holds 

2 
provided  that  o    is  no  larger  than  o  and  that  the  change  in  the 

production  investment  opportunity  set  has  a  negligible  effect  on  a,    for  a 

constant  R. 

It  is  useful  to  point  out  that  a  worsening  of  the  investment  opportunity 

set  decreases  the  expected  rate  of  return  of  the  market  portfolio  by  more  than 

an  increase  in  expected  money  growth.   This  follows  from  the  fact  that,  in  the 

case  of  a  worsening  of  the  investment  opportunity  set,  the  expected  rate  of 

return  of  the  market  portfolio  falls  even  if  expected  inflation  is  maintained 

constant  through  a  decrease  in  expected  money  growth. 
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Extensions , 


In  this  section,  we  first  show  that  If  the  coefficient  of  relative  risk 
aversion  of  the  representative  investor  exceeds  one,  assets  whose  return  is 
positively  correlated  with  changes  in  expected  inflation  have  a  lower  expected 
return.   We  then  show  that  the  present  model  can  also  explain  the  negative 
correlation  between  stock  returns  and  unexpected  inflation. 

5.1  Expected  inflation  and  risk  premia . 

The  work  of  Chen/Roll/Ross  (1983)  and  Loo  (1984)  implies  that, 
empirically,  assets  whose  return  is  positively  correlated  with  changes  in 
expected  inflation  have  lower  expected  returns.   This  result  can  be  understood 
within  the  present  model  if  households  maximize: 

Et  /  e    -  [c(x)  m(-r)   J  'dx 

If  y  is  negative,  the  coefficient  of  relative  risk  aversion  of  households 
exceeds  one,  so  that  households  are  more  risk  averse  than  they  were  allowed  to 
be  earlier  in  this  paper.   Our  earlier  results  do  not  depend  on  the  precise 
value  of  Y  as  long  as  households  are  risk-averse.   In  this  model,  an  in- 
crease in  expected  inflation  brings  about  an  increase  In  R,  a  fall  in  r  and  a 
fall  in  the  expected  real  rate  of  return  on  the  market  portfolio  of  invest- 
ments in  production.   An  unanticipated  increase  in  R  is  equivalent  to  an 
unanticipated  increase  in  the  cost-of-living  of  households  because  it 
increases  the  cost  of  using  a  constant  quantity  of  services  of  real  balances. 
This  means  that  an  unanticipated  increase  in  expected  Inflation  brings  a 
once-and-for-all  decrease  In  the  households'  lifetime  expected  utility. 
Households  with  a  coefficient  of  relative  risk  aversion  which  exceeds  one  will 
want  to  hedge  against  unanticipated  changes  in  expected  inflation  and  hence 
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will  require  a  lower  expected  return  on  stocks  whose  return  is  positively 
correlated  with  changes  in  expected  inflation. 


5.2  Other  correlations. 

Fama  (1981)  shows  that,  under  some  circumstances,  money  demand  theory 
can  explain  the  negative  correlation  between  unexpected  inflation  and  stock 
returns.   His  argument  is  that  an  unexpected  fall  in  output  implies  a  fall  in 
stock  prices  as  well  as  a  fall  in  money  demand.   For  a  constant  money  stock, 
the  fall  in  money  demand  implies  a  fall  in  the  price  level.   LeRoy  (1984)  and 
Day  (1984)  present  equilibrium  models  in  which  a  negative  correlation  between 
inflation  and  stock  returns  occurs.   Such  a  result  can  be  obtained  with  the 
model  developed  in  this  paper.  To  construct  an  example  in  which  stock  returns 
are  negatively  correlated  with  unexpected  inflation,  suppose  that  the  money 
stock  per  capita  M  follows  the  process  assumed  in  equation  (13),  but  now  y,  and 
o  can  vary  over  time.   In  this  case,  assuming  that  households  have  loga- 
rithmic utility  and  using  the  equation  for  the  equilibrium  on  the  money  market 
given  in  Section  4,  the  instantaneous  covariance  between  output  and  the  rate 
of  change  of  the  price  of  money  is: 

aTT,k  =  -k.M^k-VR^01-^1-*^  (16) 

where  a  and  a  are,  respectively,  the  instantaneous  covariance  of  the 

real  rate  of  return  of  investments  in  production  with  money  stock  growth  and 
with  the  rate  of  change  of  the  nominal  rate  of  interest.   Unless  o,    and 
o    are  positive  and  large,  a    is  positive  as  argued  by  Fama  (1981). 
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6. Concluding  Remarks. 

This  paper  offers  a  model  which  makes  it  possible  to  understand  the 
negative  relation  between  expected  real  returns  on  common  stocks  and  expected 
inflation.   As  the  model  has  rich  empirical  implications,  it  should  be 
possible  to  test  it  against  other  possible  explanations  of  this  negative 
relation.   While  it  would  be  interesting  to  find  out  how  our  results  hold  up 
in  a  more  general  model,  it  is  reassuring,  however,  that  these  results  agree 
with  the  apparently  successful  money  demand  explanation  for  the  negative 
relation  between  stock  returns  and  unexpected  inflation. 
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Appendix 


Proof  of  the  Theorem  1. 

Define: 

a   =  1  V_1l  (A.l) 

- e  e  - e 

b  =  y'  V-1  u  (A. 2) 

— e  e  —  e 

f   =  u   V-1  1  (A. 3) 

— e  e  — e 

Differentiating  equation  (9)  using  Ito's  Lemma  and  multiplying  by  dy  yields: 

ah    —  f 

Cov(dy,  ,dy  )  =  ~ —  Cov(dr,dy  )  (A. 4) 

k   tt     d  -  ra  tt 


Merton  (1972)  proves  that  ab  >  f  .   Hence,  Cov(dy, ,dy  )  has  the  same  sign  as 

K.      II 

Cov(dr,dy  ).  Note  now  that  capital  market  equilibrium  requires  that: 

i 

1  n  =  fw  -  raw  =  k  (A. 5) 

— e  — e 

Solving  (A5)  for  r  yields: 
fw  -  k 


aw 


(A. 6) 


Differentiating  (A. 6)  using  Ito's  Lemma  and  multiplying  by  dy^  yields: 

CovCdrjdy^)  =  — r  CovCdy^.dm)  (A. 7) 

aw 

where  we  used  the  assumption  that  Cov(dk,dy  )  =  0.   As  Cov(dy  ,dm)  >  0, 
Cov  (dr,dy  )  >  0.   This  concludes  the  proof. 


Proof  of  the  Theorem  2. 

Let  f*  =  xf .   Replace  f  by  f*  in  (A. 6)  and  differentiate  r  with  respect  to  x 

to  get: 

^     =     -     >      0  (A.8) 

dx     a 
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Differentiate  (12)  with  respect  to  x  and  use  (A.l)  -  (A. 3)  and  (A. 8)  to  get: 
*k  _   2x(b/f)  -  r  -  xCf/a)  >  Q 


dx        (l/f)(fx  -  ar) 

where  b/f  >  r,  b/f  >  f/a  and  fx  >  ar  from  Merton  (1972) 
Note  now  that: 


dr  =  2x[(b/f)  -  (f/a)]  > 


0  (A. 10) 


dx    dx       (l/f)(fx-ar) 

Finally,  the  price  of  production  risk  PR  is: 

1/2 

PR  =  (yk  -  r)/ak  =  (yR  -  r)X/^  (A. 11) 

which  implies  that  d(PR)/dx  >  0. 
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Footnotes 

See  Fama/Schwert  (1977),  Jaf fee/Mandelker  (1976),  Nelson  (1976)  and 
Schwert  (1981).   Fama  (1981)  and  Geske/Roll  (1983)  provide  some  evidence  which 
shows  that  the  negative  relation  between  ex  ante  stock  returns  and  expected 
inflation  may  be  partly  spurious.   Hasbrouck  (1984)  finds  that  the  negative 
relation  of  stock  returns  with  expected  inflation  does  not  hold  when  he  takes 
into  account  an  ex  ante  measure  of  variability  of  real  activity.   In  the  model 
developed  here,  however,  it  turns  out  that  variability  of  real  activity  and 
expected  inflation  are  negatively  related. 

2  Note  that  Hasbrouck  (1984)  and  Pearce/Roley  (1985)  find  that  Fama's 
(1981)  results  are  less  strong  when  survey  data  is  used.   Other  explanations 
have  been  advanced  for  the  negative  relation  between  stock  returns  and  in- 
flation.  See,  for  instance,  Feldstein  (1980)  and  Modigliani/Cohn  (1979). 

3 

The  negative  relation  between  the  real  rate  of  interest  and  expected 

inflation  has  been  widely  documented.   See  Fama/Gibbons  (1982)  for  references. 

Other  models  which  incorporate  money  in  the  Cox/lngersoll/Ross 
(1978)  model  in  a  similar  way  are  those  of  Jones  (1980),  Gertler/Grinols 
(1982),  Stulz  (1984)  and  Stulz/Wasserfallen  (1985). 

More  precisely,  if  transfers  are  made,  they  do  not  affect  the 
marginal  utility  of  wealth  of  households.   Such  an  assumption  makes  sense  if 
there  is  a  postive  relation  between  the  deficit  and  money  growth  as  in  the 
Geske/Roll  (1983)  analysis.   Tobin  (1965)  provides  some  justification  for 
modeling  the  changes  in  the  money  stock  as  we  do  here.   Stulz  (1985)  argues 
that  similar  results  obtain  in  the  presence  of  transfers  provided  that  a  one 
percent  increase  in  consumption  expenditures  leads  to  a  less  than  one  percent 
increase  in  real  balances. 
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If  expected  inflation  could  become  negative,  we  would  have  to  deal 
with  the  cumbersome  problem  that  the  nominal  rate  of  interest  cannot  be 
negative . 

See  McCallum  (1983)  for  a  spirited  defense  of  the  practice  of 
putting  real  balances  in  the  utility  function. 

Q 

This  fall  in  the  real  rate  of  interest  also  takes  place,  but  for 
different  reasons,  in  the  models  of  Tobin  (1965)  and  Mundell  (1963).   In 
Mundell  (1963)  the  real  rate  of  interest  falls  to  equate  savings  and 
investment  given  ad  hoc  saving  and  investment  functions,  while  in  Tobin  (1965) 
the  real  rate  of  interest  falls  in  steady-state  because  the  marginal 
productivity  of  capital  is  lower  as  higher  expected  inflation  leads  to  a 

higher  steady-state  capital  stock. 

9 

The  true  measure  of  the  Sharpe-Lintner  price  of  risk  would  include 

holdings  of  real  balances  in  the  market  portfolio. 

See,  for  instance,  Geske/Roll  (1983). 

See  Breeden  (1984)  for  an  analysis  of  the  conditions  under  which 
households  hedge. 
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Figure    1 


Expected 
Return 


Standard  Deviation 
of  the  Return 


1  2 

This    figure    shows    that    a    fall    in    the    real  rate  of   interest   from  r     to  r 

changes    the    tangency    portfolio    on    the    efficient    frontier    so    that    the 

1  2 

expected  return  on   the  tangency  portfolio   falls   from   \i.    to  y.. 
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